Quantum Closed Superstring Field Theory and Hyperbolic Geometry I:
  Construction of String Vertices by Pius, Roji
Quantum Closed Superstring Field Theory and
Hyperbolic Geometry I
Construction of String Vertices
Roji Pius
Perimeter Institute for Theoretical Physics, Waterloo, ON N2L 2Y5, Canada
E-mail: rpius@perimeterinstitute.ca
Abstract
The complete quantum theory of closed superstrings is constructed using string
diagrams endowed with metric having constant curvature −1. The elementary string
diagrams are equipped with the analytic local coordinates induced from the hyper-
bolic metric and a distribution of a set of picture changing operators constructed
using the identities satisfied by the simple closed geodesics on a hyperbolic Riemann
surface. However, a slight modification near the boundary of the string vertices
is needed to make them satisfy the geometric condition imposed by the quantum
Batalin-Vilkovisky master equation.
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1 Introduction
The most attractive feature of conventional closed string perturbation theory is that
it gives the total contribution of all g-loops graphs to any scattering amplitude with
n external states as a single integral over the space of inequivalent Riemann surfaces
with n punctures and g handles. However, it has the following undesirable feature.
In addition to the diagrams that are supposed to be included in scattering amplitude
calculation, it also includes the contributions of the diagrams, in which the radiative
corrections are inserted into the external lines. Such diagrams have an internal line,
connecting the self-energy part to the rest of the diagram. Due to the momentum
conservation, the momentum flowing through this internal line is forced to satisfy the
particle’s mass shell condition, so that the propagator is evaluated at the mass-shell
and provide infinite contribution to the amplitude [1]. As a result, the amplitudes
in conventional string perturbation theory are divergent in the presence of radiative
corrections.
This undesirable feature of string theory can be cured, if it is possible to rep-
resent the string amplitude as a sum of separate terms. More precisely, if we are
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able to decompose the string amplitude into different pieces with each piece having
a Feynman diagram interpretation, then we can throw away the contributions from
the unwanted diagrams and obtain the correct scattering amplitude in string theory.
The amplitudes defined this way are free from the infrared divergences. Interestingly,
this is precisely what string field theory does: it decomposes the string amplitude
into pieces, with each piece arising from a particular Feynman diagram of string field
theory. In this sense, we can consider string field theory as the refined definition of
string theory, formulated in the language of quantum field theory. It generates the
perturbative definition of string theory, starting from an action constructed using
the gauge principle [2, 8]. As we already discussed, since string field theory is formu-
lated in the language of quantum field theory, following the standard techniques in
quantum field theory such as the mass renormalization and the vacuum shift [9–11],
it can be used to compute the S-matrix elements of string theory, that are free from
infrared divergences. The S-matrix elements computed this way with an appropriate
contour prescription for the loop momentum integration [13, 14], satisfy the unitarity
requirement [15, 16]. Moreover, since string field theory is based on an action, it can
potentially pave the path towards the non-perturbative regime of string theory. For
instance, open string field theory has been successfully used for studying the tachyon
condensation phenomena in open string theory [17], though similar attempt in the
case of closed string has not produced any definite result yet [18]. In principle, it
may also be used to find backgrounds that are not acheivable from supergravity.
Covariant quantum field theories for both bosonic open and closed strings have
been constructed a few decades ago, using the Batalin-Vilkovisky (BV) formalism
[2–8, 12]. Recently, this construction has been successfully generalized to the case
of heterotic and type II strings [19]. There were many attempts to achieve this
generalization in the past [20–29, 29–31, 31–36]. The main stumbling block for the
generalization was the following fact: although, the Neveu-Schwarz (NS) sector of
the closed superstrings/ heterotic superstrings allows the natural generalization of
the construction in the bosonic case, the Ramond (R) sector forbids it by leading us
to an inconsistent kinetic term involving the Ramond sector fields. The construction
in [19] bypasses this difficulty by introducing a set of auxiliary fields in the Ramond
sector, and then imposing a constraint on the external states that removes the extra
states associated with the additional fields [37]. These auxiliary fields satisfy the
free field equations, and hence once they are removed, they are not produced by the
interactions, as required for the consistency.
The construction of closed superstring field theory described in [19] was based
on a set of crucial assumptions. Therefore, completing the construction of closed
superstring field theory requires proving all these assumptions. Before spelling out
the assumptions, let us briefly explain the basic geometric ingredient of closed su-
perstring field theory. The interaction terms in the quantum BV master action for
closed superstring field theory are defined by integrating the off-shell superstring
– 2 –
measure over a set of inequivalent string diagrams, with the same number of han-
dles and punctures, describing the elementary interactions of the closed superstring
states. The collections of all such inequivalent string diagrams with a specific number
of handles and a set of punctures form the string vertices. Every elementary string
diagrams must be equipped with two sets of data. One set of data encodes the choice
of analytic local coordinates defined up to a constant phase around the punctures on
each string diagrams. The second set of data specifies the distribution of the ap-
propriate number of picture changing operators on each string diagrams. The data
corresponds to the choice of local coordinates must be independent of the labelling
of the punctures, and the data corresponds to the distribution of picture changing
operators must be invariant under the permutation of the NS punctures (punctures,
where the states belong to the NS sector are inserted) and the R punctures (punc-
tures, where the states belong to the R sector are inserted). Such a distribution of the
picture changing operators must also be invariant under the action of an arbitrary
large diffeomorphisms on the string diagrams. Moreover, the physical quantities in
the quantum closed superstring field theory are gauge invariant, only if the action
satisfies the quantum BV master equation. This condition induces a very stringent
geometric condition upon the string vertices, that are used for constructing the ele-
mentary vertices of closed superstring field theory. The construction described
in [19] assumes the existence of such a choice of string vertices.
In principle, the string vertices in closed bosonic string field theory satisfying the
geometric identity imposed by the quantum BV master equation can be constructed
by using the local coordinates induced from the metric of least possible area under the
condition that lengths of all the nontrivial closed curves on the surface be greater
than or equal to 2pi [8]. For Riemann surfaces with no handles, it is known that
the minimal area metrics arise from the Jenkins-Strebel quadratic differentials [38].
Unfortunately, it is a daunting task to determine the Strebel differentials explicitly
[39]. In the case of Riemann surfaces with arbitrary number of handles, neither a
convenient characterization nor a proof of existence of the minimal area metric is
available yet [40].
In order to perform computations in closed string field theory, a clearly expressed
description of the string diagrams characterizing the string vertices must be found.
Furthermore, the parametrization of the moduli space of the string diagrams as well
as the rules for performing integrations over this moduli space must be obtained. In
order to achieve this, there are two routes: either investigate more and develop the
detailed theory of minimal area metrics 1, or find an alternate construction of string
vertices. This paper follows the latter route. We describe an alternate construction
of the string vertices using Riemann surfaces endowed with hyperbolic metric, metric
1Recently, the convex optimization technique has been proposed for constructing the minimal
area metric numerically for Riemann surfaces with handles [61, 62].
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having −1 curvature all over the surface 2.
The celebrated Riemann mapping theorem states that any simply connected
open subset of the complex plane is biholomorphic to the upper-half plane [41]. This
implies that the local model of any Riemann surface with negative Euler character-
istic is the upper-half plane with the Poincaré-metric of constant curvature −1. In
fact, the uniformization theorem states that all such Riemann surfaces are quotients
of the upper-half plane [42]. Therefore, a compact Riemann surface having punc-
tures and negative Euler characteristic has a complete hyperbolic metric, the metric
with −1 curvature all over the surface [43]. The most attractive feature of Riemann
surfaces with hyperbolic metric is that, an explicit construction of such surfaces with
arbitrary number of handles and punctures is readily available. They can be ob-
tained by the proper discontinuous action of a Fuchsian group on the Poincaré upper
half-plane [44, 46]. A Fuchsian group is a subgroup of the automorphism group of
the Poincaré metric on the upper half-plane [45]. Moreover, recently there is an
outstanding progress in the theory of the Weil-Petersson symplectic geometry of the
moduli space of the Riemann surfaces with hyperbolic metric [47], and it is proved
to be very well suited for performing explicit integrations over the moduli space [48].
Stimulated by these stupendous features of Riemann surfaces with hyperbolic
metric, we ask the following question: Is it possible to formulate quantum closed
superstring field theory by considering string diagrams with hyperbolic metric on it?
If possible, then that would be a calculable realization of quantum closed superstring
field theory 3. It was shown in [50–52] that, it is indeed possible to formulate quantum
closed bosonic string field theory in terms of string diagrams with hyperbolic metric
on it. However, the local coordinates around the punctures induced from the −1
constant curvature metric (hyperbolic metric) defined on the string diagrams, has
to be slight modified for those string diagrams that belongs to the boundary of the
string vertices, in order to make them satisfy the geometric condition, imposed by
the BV equation.
In this paper, we generalize the construction in [51, 52] to closed superstring
field theory. The only additional geometric feature in the superstring case compared
to the bosonic string case is the additional data regarding the distribution of pic-
ture changing operators on the elementary string diagrams. We describe a systematic
method for distributing picture changing operators consistently explore the beautiful
identities satisfied by the simple closed geodesics on Riemann surfaces with hyper-
bolic metric [48, 49] to obtain an MCG invariant distribution of picture changing
operators. Like in the case of local coordinates, it is necessary to slightly modify this
2Another interesting approach to the construction of the string vertices is discussed in [55], where
the cubic string vertex and one loop tadpole vertex for heterotic string field theory are constructed
using the SL (2,C) local coordinate maps.
3A formulation of bosonic string amplitudes in terms of hyperbolic geometry and Fenchel-Nielsen
coordinates was attempted a long time ago in [53, 54]
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distribution of picture changing operators on string diagrams that belongs to the
boundary regions of the string vertices, to make it satisfy the geometric condition
arising from the BV master equation.
This paper is organized as follows: In section 2, we review the general construc-
tion of the quantum BV master action for closed superstring field theory. In section
3, we describe the construction of string vertices in closed superstring field theory
using Riemann surfaces endowed with metric having constant curvature −1.
2 BV Master Action for Closed Superstring Field Theory
In this section, we briefly review the construction quantum BV master Action for
the covariant string field theories for heterotic and type II superstring theories using
of the picture changing formalism for RNS-superstring theory [19].
2.1 World-sheet superconformal field theory
The superstring field theory is formulated using a superconformal field theory (SCFT)
defined on a Riemann surface. In order to avoid cluttering we only discuss the
construction of closed heterotic string field theory. The generalization to Type II
superstring theories is straightforward. The world-sheet SCFT of the heterotic string
theory consist of a matter sector, given by the SCFT with the central charge (26, 15)
and a ghost sector, given by the SCFT with the central charge (−26,−15). The right-
moving stress tensor of the matter sector is denoted by Tm(z) and its superpartner
by TF (z). Similarly, the left moving stress-tensor of the matter sector is denoted by
Tm(z¯). The ghost system contains the anti commuting fields b(z), c(z), b¯(z¯), c¯(z¯) and
the commuting β(z), γ(z) ghosts. The stress tensors of the ghost fields are given by
Tb,c(z) = −2b(z)∂c(z) + c(z)∂b(z)
T b¯,c¯(z¯) = −2b¯(z¯)∂¯c¯(z¯) + c¯(z¯)∂¯b¯(z¯)
Tβ,γ(z) =
3
2
β(z)γ(z) +
1
2
γ(z)∂β(z) (2.1)
The ghost fields c(z) and c¯(z¯) have the conformal dimensions (−1, 0) and (0,−1)
respectively and the anti-ghost fields b(z) and b¯(z¯) have the conformal dimensions
(2, 0) and (0, 2) respectively. They have the following mode expansions:
c(z) =
∑
n
cn
zn−1
c¯(z¯) =
∑
n
c¯n
z¯n−1
b(z) =
∑
n
bn
zn+2
b¯(z¯) =
∑
n
b¯n
z¯n+2
(2.2)
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The non-vanishing anti-commutation relations satisfied by these modes are as follows:
{bn, cm} = {b¯n, c¯m} = δm+n,0 (2.3)
The world-sheet SCFT has the following BRST operator
QB =
∮
dz
2pii
jB(z) +
∮
dz¯
2pii
j¯B(z¯) (2.4)
where the holomorphic BRST current jB(z) and the anti-holomorphic BRST current
j¯B(z¯) given by
jB(z) = c(z) (Tm(z) + Tβ,γ(z)) + γ(z)TF (z) + b(z)c(z)∂c(z)− 1
4
γ(z)2b(z)
j¯B(z¯) = c¯(z¯)T¯m(z¯) + b¯(z¯)c¯(z¯)∂¯c(z¯) (2.5)
Using the operator product expansion
b(z)c(w) ∼ 1
z − w (2.6)
we can verify that
{QB, b(z)} = T (z) {QB, b¯(z¯)} = T (z¯) (2.7)
where T (z) denotes the total stress-energy tensor for the world-sheet SCFT. This
equations implies that
QB = c
+
0 L
+
0 + c¯
+
0 L
+
0 + · · · (2.8)
The dots indicate terms that do not involve zero modes of the ghost fields and
L±0 = L0 ± L0 (2.9)
The operators Ln and Ln are the total Virasoro generators in the left and right-
moving sectors of the world-sheet theory. The Virasoro generators are the modes of
the following mode expansion of the total stress-energy tensor:
T (z) =
∑
n
Ln
zn+2
T (z) =
∑
n
Ln
zn+2
(2.10)
2.2 Concept of pictures
The intricate nature of the picture changing formulation of the superstring theory
stems from the curious properties of the βγ system, and hence it is appropriate
to discuss the βγ system and its representations in detail. The βγ system is a
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commuting fermionic system with mode expansion for the fields given by
β(z) =
∑
n
βnz
−n− 3
2
γ(z) =
∑
n
γnz
−n+ 1
2 (2.11)
where n is a half integer for the NS sector and an integer for the R sector. These
modes satisfy the following commutation relations
[γm, βn] = δn,−m (2.12)
This algebra has infinite number of inequivalent representations, and all these in-
equivalent representations can be constructed using the raising operators by acting
on infinite number of vacuum states |q〉, where q being the ghost charge of the vac-
uum states |q〉 is integer or half integer. The ghost charge q ∈ Z for the NS sector
and q ∈ Z+ 1
2
for the R sector, are the eigenvalue of the ghost charge operator given
by
Qgh =
∑
n
βnγ−n (2.13)
Unlike in the case of the degenerate ground states of the bc system, here we can not
go from the vacuum with one value of q to another vacuum with a different value for
q by acting with finite number of oscillators, and hence they are inequivalent.
Let us denote the operators which can be used to increase or decrease the ghost
charge of the vacuum q by δ(γm) and δ(βn). Their action on the q-vacua are given
by
δ(β−q− 3
2
)|q〉 = |q + 1〉
δ(γq+ 1
2
)|q〉 = |q − 1〉 (2.14)
Similarly, we can define operators Σ+ and Σ−, the spin fields, for mapping states in
the R-sector to the states in the NS-sector or vice versa. They are also defined by
their action on q-vacua given by
Σ+(0)|q〉 =
∣∣∣∣q + 12
〉
Σ−(0)|q〉 =
∣∣∣∣q − 12
〉
(2.15)
Consequently, each of the states in the Hilbert space of superstring theory has
an infinite number of inequivalent representation based on the q-vacua that we use
for building the tower of the states. From the operator-state correspondence, we
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know that there exist a vertex operator associated to the each state in the Hilbert
space. As a result, there are infinite number of inequivalent vertex operators for
any specific state and we discriminate each of them by associating a picture number
which indicates the q-vacua used for constructing the states.
The discussion is more transperant if we represent βγ system using a free scalar
φ and a pair of free chiral fermionic fields ξ and η of conformal weight (0,0) and (1,0),
respectively. This changeover of the representation is known as the bosonization [56].
The free scalar φ is compactified on the circle R/2piZ and is coupled to a background
charge Q = 2. The action for the combined system is as follows
S[φ, ξ, η] =
1
2pi
∫ (
∂φ∂¯φ− 1
2
Rφ
)
+
1
pi
∫
η∂¯ξ (2.16)
The stress-energy tensor is given by
Tβ,γ(z) = Tφ + Tη,ξ (2.17)
where
Tη,ξ(z) = −η(z)∂ξ(z)
Tφ(z) = −1
2
∂φ(z)∂φ(z)− ∂2φ(z) (2.18)
The precise mapping between the two systems is as follows:
β = eφ∂zξ γ = e
−φη δ(β) = e−φ δ(γ) = eφ ξ = H(β) η = ∂zγδ(γ)
(2.19)
where H denotes the Heaviside step function. Using these relations, it is not difficult
to see that
δ(β(z)) = eφ(z) δ(γ(z)) = e−φ(z) Σ+(z) = e
1
2
φ(z) Σ−(z) = e−
1
2
φ(z) (2.20)
It is important to note that only the derivatives of ξ field is present in the identifica-
tion 2.19 between the two systems. Therefore, the constant zero mode ξ0 can not be
produced from any of the operators acting within βγ system. This means that the
Hilbert space Hξηφ of the (ξ, η, φ) is twice as large as the Hilbert space Hβγ of the
βγ system. The precise equivalence is the following
Hβγ = {|ψ〉 ∈ Hξηφ | η0|ψ〉 = 0} (2.21)
Since it is possible to construct the operators which convert one q-vacua to another,
it should also be possible to change the ghost charge of a vertex operator. This
procedure is known as the picture-changing operation.
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A general state in the Hilbert space built from the vacuum state with ghost
charge q can be converted to a state in the Hilbert space built from the vacuum state
with ghost charge q + 1 by acting with G−q− 3
2
δ
(
β−q− 3
2
)
with Gn defined by
TF (z) =
1
2
∑
n
Gnz
−n− 3
2 (2.22)
On the physical vertex operators, i.e. those satisfy δBRSTV (q) = ∂(cV (q)), the picture-
changing operation is represented as
V (q)(w)→ V (q+1)(w) =
∮
dz
2ipi
jB
(
ξV (q)
)
(w)− ∂
(
cξV (q)
)
(w)
= χ(w)V (q)(w)− ∂
(
cξV (q)
)
(w) (2.23)
where V (q) is the vertex operator with picture number q and jB is the superstring
BRST current. Although the second term in the right hand side looks like a BRST
variation, it is not really a BRST exact deformation due to the presence of the zero
mode of the ξ field in it. Remember that the zero mode ξ0 is not in the Hilbert space
Hβγ. The operator χ(z) is known as the picture-changing operator (PCO) and it is
given by
χ(z) = {QB, ξ(z)} =
∮
dw jB(w)ξ(z) (2.24)
The picture-changing operator is BRST invariant dimension zero primary operator
having the picture number one. Before we end our discussion on pictures, let us
note that it is necessary to introduce certain number of PCO’s on the world-sheet to
make sure that total picture number of the superstring measure is zero. The picture
number anomaly demands that we must insert
2g − 2 +
mN∑
i=1
qiN +
mR∑
j=1
qjR (2.25)
number of PCO’s on a genus g Riemann surface with mN number of NS punctures
and mR number of R punctures. Here, qiN is the picture number of the NS state
inserted at the ith NS puncture qjR is the picture number of the R state inserted at
the jth R puncture.
2.3 String fields
The basic degrees of freedoms in string field theory are the string fields. Let us denote
the full Hilbert space of the world-sheet matter plus ghost SCFT carrying arbitrary
picture and ghost numbers by H. An arbitrary string field is a vector in the Hilbert
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space H of the world-sheet SCFT. The string fields that enter into the construction
of the action for the superstring field theory are not completely arbitrary, they are
required to satisfy following conditions [15, 19]:
• Must be annihilated by L−0 = L0 + L¯0 and b−0 = b0 + b¯0
• Carry arbitrary ghost numbers
• Must have even Grassmannality
• Must satisfy an appropriate reality condition to ensure the reality of action.
• Must be in a specific picture
Now we shall state the specific reality condition that we choose to work with.
Let us denote by |Ψ〉NS and |Ψ〉R, the NS sector and R sector components of the
string field |Ψ〉 :
|Ψ〉NS =
∑
s
|φr〉ψr
|Ψ〉R =
∑
r
|φˆs〉ψˆs (2.26)
The string fields satisfy the following reality condition:
ψr(k)
∗ = (−1)nr(nr+1)/2+1ψr(−k)
ψˆs(k)
∗ = −i(−1)(nr+1)(nr+2)/2ψˆs(−k) (2.27)
where nr and ns denote the ghost numbers of φr and φˆs respectively.
Two kinds of string fields are required for constructing the action for closed
superstring theory, the dynamical string fields |Ψ〉 and the auxiliary string fields |Ψ˜〉.
The auxiliary superstring fields enter only into the kinetic term of the action. The
interaction terms are constructed only using the dynamical superstring fields. The
dynamical string field |Ψ〉 contains the NS states with picture number −1 and the R
states with picture number −1
2
. The auxiliary string field |Ψ˜〉 contains the NS states
with picture number −1 and the R states with picture number −3
2
.
Let us explain the need for restricting the superstring fields to have only −1
picture number in the NS sector and −1
2
and −3
2
picture numbers in the R sector
[57]. For the on-shell string states, the BRST cohomology is the same in all picture
numbers [56]. Therefore, we can choose to work with any fixed picture number sector
modulo certain ambiguities due to the boundary terms. The situation is slightly
different in superstring field theory. To appreciate the difference, consider the action
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of the β and γ modes on the q vacuum:
βn|q〉 = 0 for n ≥ −q − 1
2
γn|q〉 = 0 for n ≥ q + 3
2
(2.28)
This suggests that if q = −1 all of the positive modes of β and γ annihilate the
vacuum. For any other integer picture number, there will be either some positive
mode of β or positive mode of γ that will not annihilate the vacuum. These modes
can be used to create states of arbitrary negative conformal dimension. Remember
that in string field theory all off-shell states propagate inside loops, including the
states having arbitrary negative conformal dimension. This will make the theory
inconsistent, and this can be avoided this by restricting the off-shell states in the NS
sector to have only −1 picture number. In the R sector the requirement of having a
vacuum state that is annihilated by all the positive modes of fields β and γ restrict
the off-shell states in the R sector to have picture numbers −1
2
and −3
2
. Note that
even after choosing −1
2
or −3
2
picture numbers, the vacuum is not annihilated by
the zero mode operators γ0 and β0. As a result, we can create infinite number of
states at the same mass2 level by applying γ0 and β0. Fortunately, this will not
create unsurmountable difficulty if we take the interacting off-shell string states to
have picture number −1
2
. This is because the special form of the propagator for
superstring field theory do not allow the propagation of all of these infinite number
of states at the same mass2 level [57].
2.4 String vertices
The interaction terms in the action for closed superstring field theory can be un-
derstood as certain integrals over all possible distinct elementary string diagrams
representing elementary string interactions. The most important geometric input
needed for constructing the action for closed superstring field theory is the complete
description of the set of elementary string diagrams. The set of all distinct elemen-
tary string diagrams with fixed number of handles and number of NS punctures and
R punctures is called the string vertex for closed superstring theory. We denote such
a string vertex byWg,mN ,mR , where g is the number of handles, mN is the number of
NS punctures and mR is the number of R punctures.
An elementary string diagram that belongs to Wg,mN ,mR can be specified by two
set of data on a Riemann surface with g handles and mN number of NS punctures
and mR number of R punctures. One set of data specifies the local coordinates
around the punctures on the Riemann surface. The local coordinates around each
punctures are only defined up to a constant phase. Up to this ambiguity, the local
coordinates must be defined continuously over the set Wg,mN ,mR . The other set of
data specifies the locations on the Riemann surface at which the PCO’s are placed.
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Naively, the PCO’s can be placed at any positions on a superstring world-sheet. A
careful analysis reveals that the superstring measure can have spurious poles [58],
when the vertex operators collide with the PCO’s, the PCO’s collide each other and
the locations of PCO’s on the world-sheet satisfy certain global conditions. It is
important to choose a distribution of PCO’s on the elementary string diagram that
does not give rise to any unphysical singularities.
String vertexWg,mN ,mR contains a set of Riemann surfaces that cover a connected
region insideMg,mN+mR , the moduli space of Riemann surfaces with g handles and
mN + mR number of punctures. This set does not include surfaces arbitrarily close
to the degeneration. The choice of superstring vertex Wg,mN ,mR is not arbitrary. It
must satisfy the following requirements:
• The assignment of local coordinates around the punctures on the elementary
string diagrams must be independent of the labeling of the punctures. If a
surface R with labeled punctures is in Wg,mN ,mR then copies of R with all
other inequivalent labelings of the punctures are also included in Wg,mN ,mR ;
• If R ∈ Wg,mN ,mR then R∗ ∈ Wg,mN ,mR , where R∗ denotes the mirror image of
R. The local coordinates in R and R∗ are related by the antiholomorphic map
(i.e. z −→ −z¯) that relates the two surfaces;
• The distribution PCO’s on each surface belongs to Wg,mN ,mR must avoid the
occurrence of spurious poles;
• The distribution PCO’s on each world-sheet belongs to Wg,mN ,mR must be
invariant under large diffeomorphisms performed on the world-sheet.
It is possible to construct string vertices avoiding the occurrence of spurious poles
systematically by using the vertical integration prescription introduced in[59] and
elaborated in [60].
Geometric Identity : The string vertices W can be used to construct the ac-
tion satisfying BV master equation only if they satisfy the following very stringent
geometric identity
∂Wg,m,n =− 1
2
∑
g1,g2
g1+g2=g
∑
m1,m2
m1+m2=m+2
∑
n1,n2
n1+n2=n
S[{Wg1,m1,n1 ,Wg2,m2,n2}N ]
− 1
2
∑
g1,g2
g1+g2=g
∑
m1,m2
m1+m2=m
∑
n1,n2
n1+n2=n+2
S[{Wg1,m1,n1 ,Wg2,m2,n2}R]
−∆NSWg−1,m+2,n −∆RWg−1,m,n+2 (2.29)
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Here ∂Wg,m,n denotes the boundary of Wg,m,n and S denotes the operation of sum-
ming over inequivalent permutations of the external NS and also external R punc-
tures. {Wg1,m1,n1 ,Wg2,m2,n2}N denotes the set of Riemann surfaces with the choice
of local coordinates and positions of picture changing-operators obtained by gluing
the Riemann surfaces in Wg1,m1,n1 and Wg2,m2,n2 at one NS puncture from each via
the special plumbing fixture relation
zw = eiθ 0 ≤ θ ≤ 2pi (2.30)
where z and w denote the local coordinates around the punctures that are being
glued. {Wg1,m1,n1 ,Wg2,m2,n2}R denotes the set of Riemann surfaces with the choice of
local coordinates and distribution of PCO’s obtained by gluing the Riemann surfaces
inWg1,m1,n1 andWg2,m2,n2 at one R puncture from each of the surfaces via the special
plumbing fixture relation.
Although definition of {·, ·}N and {·, ·}R looks the same, there is one additional
subtlety in the definition of {·, ·}R. The total number of PCO’s on the two Riemann
surfaces corresponding to a point in Wg1,m1,n1 and a point in Wg2,m2,n2 is
2(g1 + g2)− 4 + (m1 +m2) + n1 + n2
2
= 2g − 2 +m+ n
2
− 1
which is one less than the required number of PCO’s on a Riemann surface with
genus g, m NS and n R punctures. Therefore we need to prescribe the location of
the additional PCO to define {·; ·}. A consistent prescription is to insert a factor of
χ0 =
∮
dz
z
χ(z)
around one of the two punctures which are being glued, where χ(z) is the picture-
changing operator. Which of the two puncture that we choose is irrelevant since∮
dz
z
χ(z) =
∮
dw
w
χ(z)
∆NS denotes the operation of taking a pair of NS punctures on a single Riemann
surface corresponding to a point Wg−1,m+2,n and gluing them via special plumbing
fixture relation. Similarly, ∆R denotes the operation of taking a pair of R punctures
on a Riemann surface corresponding to a point Wg−1,m+2,n and gluing them via
special plumbing fixture relation and in addition to this gluing we must also insert a
factor of χ0 around one of the punctures.
2.5 Quantum BV master action
In this subsection, we discuss the construction of the quantum BV master action
for closed superstring field theory. Let us start by introducing the basic ingredients
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required for constructing the action.
Important subspaces of H : Consider the following subspaces of the full Hilbert
space H of world-sheet SCFT:
• HT : The subspace of the Hilbert space H of world-sheet SCFT that is anni-
hilated by b−0 and L
−
0 .
• HNS : The NS sector subspace of the heterotic string theory Hilbert space HT .
• HR : The R sector subspace of the heterotic string theory Hilbert space HT .
• ĤT : The subspace of HT containing only NS sector states having picture
number −1 and R sector states having picture number −1
2
.
• H˜T : The subspace of HT containing only NS sector states having picture
number −1 and R sector states having picture number −3
2
.
• Ĥ+ and H˜+ : The subspaces that contain states in ĤT and H˜T of ghost numbers
≥ 3.
• Ĥ− and H˜− : The subspaces that contain states in ĤT and H˜T of ghost numbers
≤ 2.
Space-time fields and antifields : Let us expand the dynamical string field |Ψ〉
and the auxiliary string field |Ψ˜〉 as follows
|Ψ˜〉 =
∑
r
|φ˜r−〉ψ˜r +
∑
r
(−1)g∗r+1|φ˜r+〉ψ∗r
|Ψ〉 − 1
2
G|Ψ˜〉 =
∑
r
|φˆr−〉ψr +
∑
r
(−1)g∗r+1|φˆr+〉ψ˜∗r (2.31)
where g∗r , gr, g˜∗r and g˜r are the Grassmann parities of ψ∗r , ψr, ψ˜∗r and ψ˜r respectively.
The states |φˆr−〉, |φ˜r−〉, |φˆr+〉 and |φ˜r+〉 are the basis states of Ĥ−, H˜−, Ĥ+ and H˜+
satisfying the following orthonormality conditions
〈φˆ−r |c−0 |φ˜s+〉 = δsr = 〈φ˜s+|c−0 |φˆ−r 〉
〈φ˜−r |c−0 |φˆs+〉 = δsr = 〈φˆs+|c−0 |φ˜−r 〉 (2.32)
where 〈·| · |·〉 denotes the BPZ inner product satisfying the following normalization
〈p|c−1c¯−1c0c¯0c1c¯1e−2φ(z)|p′〉 = (2pi)−dδd(p+ p′) (2.33)
The target space objects {ψr, ψ˜r} are considered as the space-time fields and {ψ∗r , ψ˜∗r}
are considered as antifields.
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Operator G : Let us consider the operator G with the following action on the NS
states and the R states:
G|s〉 =
{
|s〉 if |s〉 ∈ HNS
χ0|s〉 if |s〉 ∈ HR
(2.34)
The operator χ0 is given by integrating the PCO over a cycle enclosing the puncture
where we inserted the state |s〉 on the Riemann surfaces:
χ0 =
∮
dz
z
χ(z) (2.35)
where χ(z) is the PCO defined as (2.24). The operator G commutes with QB and
b±0 :
[QB,G] = 0 [b±0 ,G] = 0 (2.36)
Anti-linear bracket {Ψn}g : Consider the anti-linear bracket {Ψ, · · · ,Ψ}g, with
n number of Ψ′s inside the bracket denoted as {Ψn}g. The anti-linear bracket
{A1, · · · , Am, B1, · · · , Bn}g associated with m number of off-shell NS states denoted
by A1, · · · , Am and n number of off-shell R states denoted by B1, · · · , Bn is obtained
by integrating the genus g off-shell superstring measure associated with the off-shell
states A1, · · · , Am, B1, · · · , Bn over the elementary string diagrams in the string ver-
tex Wg,m,n
{A1, · · · , Am, B1, · · · , Bn}g =
∫
MWg,m,n
Ωg,m,nD (A1, · · · , Am, B1, · · · , Bn) (2.37)
where D = 6g − 6 + 2m + 2n and MWg,m,n denotes the region inside the moduli
spaceMg,m+n covered by the string diagrams in the string vertex Wg,m,n. The off-
shell superstring measure
Ωg,m,nD (A1, · · · , Am, B1, · · · , Bn)
is built in two steps. First construct Bp, the p-form component of the formal sum of
operator valued differential forms, given by
B = K ∧B (2.38)
where K is as follows
K =
∑
i
G
(
zi1, · · · , ziN
) (
χ(zi1)− ∂ξ(zi1)dzi1
) ∧ · · · ∧ (χ(ziN)− ∂ξ(ziN)dziN) (2.39)
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with N = 2g−2+m+ n
2
. The sum over i denotes the sum over different PCO config-
urations such that K becomes the mapping class group invariant PCO distribution
assigned to the elementary string diagrams belong to the string vertex Wg,m,n. The
function G (zi1, · · · , ziN) is a weight factor for each PCO configuration in the total
distribution satisfying ∑
i
G
(
zi1, · · · , ziN
)
= 1 (2.40)
The operator valued differential form B is built using the beltrami differentials
(µ1, · · · , µD) on a Riemann surface. These beltrami differentials generate a de-
formation in the complex structure on a Riemann surface that correspond to the
coordinates (t1, · · · , tD) on the moduli space. Then the form B is given by
B =
D∏
k=1
{1 + b(µk)δtk} (2.41)
where b(µk) is obtained by integrating the contraction of the beltarmi differential µk
with the reparameterization field b over the world-sheet:
b(µk) =
∫
d2z (bzzµ
z
kz¯ + bz¯z¯µ
z¯
kz) (2.42)
The second step is to construct the surface state |Σ〉 associated with the string
diagram R, which describes the state that is created on the boundaries of Di by
performing a functional integral over the fields of SCFT on R−∑iDi. Then we can
obtain the off-shell superstring measure as the following expectation value
Ωg,m,nD (A1, · · · , Am, B1, · · · , Bn) = (2pii)−3g+3−m−n 〈Σ|BD|A1〉⊗· · ·⊗|Am〉|B1〉⊗· · ·⊗|Bn〉
(2.43)
The inner product between 〈Σ| and the state
|A1〉 ⊗ · · · ⊗ |Am〉|B1〉 ⊗ · · · ⊗ |Bn〉 ∈ H⊗mNS ⊗H⊗nR
describes the m+n-point correlation function on R with vertex operators associated
with off-shell states inserted at the punctures using the local coordinate choices
around that puncture assigned to the elementary string diagrams in the string vertex
Wg,m,n.
Quantum BV action : The quantum master action for the superstring field theory
[19] is given by
S = g−2s
[
−1
2
〈Ψ˜|c−0 QBG|Ψ˜〉+ 〈Ψ˜|c−0 QB|Ψ〉+
∞∑
g=0
(~g2s)g
∞∑
n=1
gns
n!
{Ψn}g
]
(2.44)
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where gs denotes the closed string coupling.
Gauge fixing : Given the master action, we compute the quantum amplitudes by
carrying out the usual path integral over a Lagrangian submanifold of the full space
spanned by ψr and ψ∗r . The Lagrangian submanifold can be specified by the Siegel
gauge condition
b+0 |Ψ〉 = 0, b+0 |Ψ˜〉 = 0 ⇒ b+0
(
|Ψ〉 − 1
2
G|Ψ˜〉
)
= 0 (2.45)
In this gauge, the propagator in |Ψ˜〉, |Ψ〉 space takes the following form
− g2s
b+0 b
−
0 δL0,L¯0
L0 + L¯0
(
0 1
1 G
)
(2.46)
We discussed in subsection 2.3 that the dynamical and auxiliary string are is
built using NS states in −1 picture and R states in either −1
2
or −3
2
picture. We
already discussed that except for the -1 picture, there are infinite number of NS states
at any fixed mass2 level. Hence, allowing only the −1 picture avoids the infinity due
to infinite number of particles propagating inside loops. Unfortunately, there are
infinite number of R states even in the −1
2
and −3
2
pictures at any mass2 level. In
the −1
2
picture sector, these infinite number of states are created by the action of γ0
oscillator and in the conjugate −3
2
picture sector, they are created by the action of
β0 oscillator. Fortunately, the R sector propagator
〈φcs|c−0 b+0 (L+0 )χ0|φcr〉 (2.47)
allows only finite number of states out of these infinite number of states to propagate.
In order to see this, consider the infinite number of states created by the action of
β0 oscillators on a −32 picture state. Since β0 has ghost number −1, these states will
have arbitrarily low ghost numbers. By acting these states with χ0, we can obtain
states of picture number −1
2
and arbitrarily low ghost numbers. But such states do
not exists in the −1
2
picture sector. In the −1
2
picture sector at a fixed mass2 level, we
can only have states with arbitrarily large ghost numbers created by γ0 oscillators.
This implies that the χ0 factor must annihilate all except a finite number of states
created by the β0 oscillators [57].
3 Construction of String Vertices using Hyperbolic Surfaces
In this section, we shall discuss the construction of string vertices in closed superstring
field theory using Riemann surfaces endowed with metric having constant curvature
−1, commonly known as hyperbolic Riemann surfaces.
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3.1 Fuchsian representation for hyperbolic Riemann surfaces
Intuitively, a Riemann surface R can be understood as a collection of domains in a
complex plane which are glued together by biholomorphic mappings. This collection
of domains and the biholomorphic mappings is called the complex structure of the
Riemann surface. Two surfaces constructed using two different collections of domains
and biholomorphic mappings represent the same Riemann surface if the domains in
one collection can be obtained by a biholomorphic mapping of the domains in the
other collection. For instance, it is known that an arbitrary simply connected Rie-
mann surface is biholomorphically equivalent to one of the three following Riemann
surface: complex plane, Riemann sphere and upper half plane. However, there are
infinitely many different multiply connected Riemann surfaces. Interestingly, all of
them can be constructed from simply connected Riemann surfaces using the notion
of the universal covering of a Riemann surfaces.
Let R be a multiply connected Riemann surface and R˜ be a simply connected
Riemann surface. Then it is always possible to find a many to one map
pi : R˜ → R (3.1)
known as the universal covering map, that is biholomorphic if we restrict the map pi
to a connected region u˜ of the inverse image pi−1(u) of the neighbourhood u of a point
p in R. This means that two different points on R˜ connected via a biholomorphic
mapping γ might be representing the same point on R, i.e.
pi ◦ γ = pi (3.2)
Such a transformation γ is known as a universal covering transformation. All such
covering transformations together form the universal covering group Γ of R. Then
we can obtain the Riemann surface R by considering the quotient of the simply
connected Riemann surface R˜ under the action of group Γ:
R = R˜/Γ (3.3)
For example, we can obtain the puncture complex plane C− {0} from the complex
plane C by identifying points on C under the action of group generated by the
transformation
z → z + 2pii n ∈ Z
The associated covering map
pi : C→ C− {0}
is given by
pi(z) = ez
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Now we shall consider the multiply connected Riemann surface whose universal
covering space is the upper half-plane H. Let us introduce the Poincaré metric on
H, given by
ds2H =
|dz|2
(Imz)2
(3.4)
The Gaussian curvature, which is the half of the Ricci curvature, of this metric is −1
everywhere on H. The geodesics on H with respect to the Poincaré metric are either
an arc that belongs to the half circle on H with centre on the real axis or a straight
line parallel to the imaginary axis. The transformation on H
γ(z) =
az + b
cz + d
a, b, c, d ∈ R ad− bc = 1 (3.5)
preserve the Poincaré metric. All such transformations together form the isometry
group PSL(2,R).
Let us consider a discrete subgroup Γ of PSL(2,R). It is straight forward to
see that the quotient of the upper half-plane endowed with the Poincaré metric with
respect to the group Γ is a hyperbolic Riemann surface R with Gaussian curvature
−1 all over the surface:
R = H/Γ (3.6)
The quotient H/Γ is known as the Fuchsian representation of R and Γ is called as the
Fuchsian group associated with R. In fact, the Fuchsian uniformaization theorem
due to Poincaré guarantee that for any hyperbolic Riemann surface the universal
covering space is the Poincaré upper half-plane H and the universal covering group
is a discrete subgroup of PSL(2,R).
For example, the hyperbolic thrice punctured sphere is obtained by considering
the quotient of H with respect to the group Γ(2) generated by the transformations
z → z
2z + 1
z → z + 2
3.2 Elementary string diagrams and Hyperbolic surfaces
Since the goal is to construct the elementary string diagrams building the string
vertices, we need to check whether the representative of a Riemann surface which we
consider have all the desired features.
Symmetric local coordinates : The Riemann surface representing an elementary
string diagram must have local coordinates around the punctures that is independent
of the labelling of the punctures. Interestingly, the natural local coordinates around
the punctures on a hyperbolic Riemann surface has this property. To see this, con-
sider a puncture p on a hyperbolic Riemann surface. There is a distinguished local
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conformal coordinate with w(p) = 0 and the metric locally given by [63]
ds2 =
( |dw|
|w|ln|w|
)2
(3.7)
The canonical coordinate w is unique up to a phase factor. The circle |w| = r is the
closed horocycle about p with hyperbolic length
l(r) = − 2pi
lnr
The hyperbolic metric for the punctured unit disc D = {0 < |w| < 1} is also given
by the formula (3.7). It is a well known fact that the unit area neighbourhood of
the puncture |w| ≤ r with l(r) ≤ 1 isometrically embeds to a neighbourhood of each
puncture on a hyperbolic Riemann surface [64]. As a result, the local coordinates
around the punctures on a Riemann surface induced from the hyperbolic metric is
independent of the labelling of the puncture.
Gluing compatible local coordinates : The geometric identity (2.29) demands
that the local coordinates on the representative Riemann surfaces which we declare
as elementary string diagrams must have the following continuity property, known
as gluing compatibility, across the boundary of the string vertices inside the moduli
space. A consistent set of string vertices together with the string diagrams obtained
by gluing elementary string diagrams that belong to the string vertices cover the
moduli space once. It is possible only if the data encoded on the representative Rie-
mann surface which are identified as elementary string diagrams must match across
the boundaries of the string vertices inside the moduli space. This means that the
representative Riemann surfaces that belongs to the boundary of the string vertices
must have local coordinates around the punctures that agrees up to a phase factor
with that on the Riemann surfaces obtained by gluing the representative Riemann
surfaces using the special plumbing fixture relation (2.30).
From the above discussion, it is clear that hyperbolic Riemann surfaces can be
used to build string vertices only if the natural local coordinates with metric (3.4)
around the punctures is gluing compatible. For this, we must analyze the plumbing
fixture of hyperbolic Riemann surfaces in detail. This has been already done in [65].
Unfortunately, the natural local coordinates around the punctures induced from the
hyperbolic metric is not gluing compatible. However, the good news is that if the
length of the core geodesic on the glued surface is very small compared to the geodesic
that passes through the core geodesic perpendicular, then the difference between
the local coordinates on the glued surface and the canonical local coordinates on a
hyperbolic Riemann surface vanishes to first order in the length of the core geodesic
on the glued surface. Using this fact a continuous choice of modified local coordinates
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on the string diagrams inside the string vertices has been proposed in [51].
Following [51], we define the string vertices in closed superstring field theory
using hyperbolic Riemann surfaces as follows.
String vertex Wg,m,n : Consider hyperbolic Riemann surfaces with g number of
handles and m + n number of punctures having no simple closed geodesics with
length less than c∗. Then, the string vertex Wg,m,n is defined as the set of all such
inequivalent Riemann surfaces having a consistent choice of distribution of 2g − 2 +
m+ n
2
number of PCO’s and following local coordinates around the punctures.
• The local coordinate around the jth puncture on Riemann surfaces having no
simple closed geodesics with length less than (1 + δ)c∗ is e
pi2
c∗ wj, where wJ
is natural local coordinate induced from the hyperbolic metric, and c∗, δ are
arbitrary infinitesimal real parameters.
• The local coordinate around the jth puncture on Riemann surfaces with k num-
ber of degenerating disjoint simple closed geodesics having length in between
c∗ and (1 + δ)c∗ is e
pi2
c∗ wˆj, where wˆj is given by( |dwˆj|
|wˆj|ln|wˆj|
)2
=
( |dwj|
|wj|ln|wj|
)2{
1 +
c2∗
3 ln|wj|
k∑
i=1
f(li)Yij
}
(3.8)
li denotes the length of the ith degenerating simple closed geodesic and the function
f(li) is an arbitrary smooth real function of the geodesic length li defined in the
interval (c∗, c∗ + δc∗), such that f(c∗) = 1 and f(c∗ + δc∗) = 0. The coefficient Yij is
the leading order term in the following sum around the jth puncture
ln|wj| (Ei,1 + Ei,2) (3.9)
where, Ei,1, Ei,2 denote the Eisenstein series associated with the cusps that are being
glued via plumbing fixture to get the collar whose core geodesic is the ith degenerating
simple closed geodesic. The definition and the expansion of Eisenstein series around
a cusp is discussed in appendix (A). By using the results discussed there, we obtain
Yij as follows
Yij =
2∑
q=1
∑
cqi ,d
q
i
pi2
(j, q)
|cqi |4
cqi > 0 d
q
i mod c
q
i
( ∗ ∗
cqi d
q
i
)
∈ (σqi )−1Γqiσj (3.10)
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1−1 0
Figure 1. Fundamental domain for a thrice-punctured sphere.
Here, Γqi denotes the Fuchsian group for the component Riemann surface with the
cusp denoted by the index q that is being glued via plumbing fixture to obtain the
ith collar. The transformation σ−1j maps the cusp corresponding to the jth cusp to∞
and (σqj )−1 maps the cusp denoted by the index q that is being glued via plumbing
fixture to obtain the ith collar to∞. The factor (j, q) is one if both the jth cusp and
he cusp denoted by the index q that is being glued via plumbing fixture to obtain
the ith collar belong to the same component surface other wise (j, q) is zero.
3.3 One-loop tadpole string vertex
Let us elucidate the definition of string vertex described above by explicitly con-
structing the one-loop tadpole string vertex. An elementary string diagram in the
one-loop tadpole vertex has one puncture and one handle. The moduli space of
once-punctured tori has only one boundary, and it corresponds to once-punctured
tori obtained via the plumbing fixture of thrice-punctured sphere.
The Fuchsian group for the thrice-punctured sphere is the modular group Γ(2)
generated by the matrices
(
1 0
2 1
)
and
(
1 2
0 1
)
. A fundamental domain of Γ(2) can
be represented by a hyperbolic rectangle on the upper half-plane with corners at
0, 1,−1 and i∞, as shown in figure (1). Let us denote the transformations that map
0, 1 to i∞ as σ0, σ1 respectively and are given by
σ0 =
(
0 1
−1 0
)
σ1 =
(
1 0
1 −1
)
Assume that the degenerate once-punctured torus is obtained by the gluing of cusps
at 0 and 1. In this situation, the series (3.10) takes the following form
Y = pi2
2∑
i=1
∑
mi
χi(mi)
|2mi + 1|4 (3.11)
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where, χ1(m1) is the number of representatives
(
2p1 2q1 + 1
2m1 + 1 2n1
)
of distinct double
cosets in Γ0\σ0Γ(2)/Γ0 with a fixed m1 ≥ 0. The group Γ0 is the set of all matrices
of the form
(
1 2b
0 1
)
with b ∈ Z. Similarly, χ2(m2) is the number of representatives(
2p2 + 1 2q2
2m2 + 1 2n2 + 1
)
of distinct double cosets in Γ0\σ1Γ(2)/Γ0 with a fixed m2 ≥ 0.
With this background, we can define the one-loop tadpole string vertex as follows.
One-loop tadpole string vertex W1,1,0 : Consider once-punctured hyperbolic tori
having no simple closed geodesics with length less than c∗. Then, the string vertex
W1,1,0 is defined as the set of all such inequivalent Riemann surfaces having a consis-
tent distribution of a PCO and the following local coordinate around the puncture.
• The local coordinate around the puncture on a once-punctured torus having
no simple closed geodesics with length less than (1 + δ)c∗ is e
pi2
c∗ w, where w
is natural local coordinate induced from the hyperbolic metric, and c∗, δ are
arbitrary infinitesimal real parameters.
• The local coordinate around the puncture on a once punctured torus with a
simple closed geodesics having length in between c∗ and (1+δ)c∗ is e
pi2
c∗ wˆ, where
wˆ is given by ( |dwˆ|
|wˆ|ln|wˆ|
)2
=
( |dw|
|w|ln|w|
)2{
1 +
c2∗
3 ln|w|Y f(l)
}
(3.12)
where, Y is given by (3.11) and f(l) is an arbitrary smooth real function of
the length l of the geodesic on the degenerating collar defined in the interval
(c∗, c∗ + δc∗), such that f(c∗) = 1 and f(c∗ + δc∗) = 0.
4 Consistent Choice of PCO Distribution
The definition of string vertices is complete only if we are able to specify a con-
sistent choice of PCO distribution. The PCO distribution must have the following
properties:
• symmetric with respect to the punctures;
• invariant under mapping class group transformations;
• compatibility with the special plumbing fixture.
In this section, we describe a systematic procedure for constructing a choice of PCO
distribution having all the above mentioned properties.
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γ1
β
γ2
Figure 2. Different classes of simple closed curves on a once-punctured hyperbolic torus.
The curves γ1, γ2 are simple closed geodesics and the curve β is not a geodesic.
4.1 PCO distribution on once-punctured tori
Consider a once-punctured torus with a −1 picture NS state inserted at the puncture.
Since R punctures come only in pairs, we are only allowed to insert an NS state at
the puncture. The vanishing of picture number requires distributing a PCO on the
surface. One might attempt to insert a PCO at a point on the surface by specifying
a point in the fundamental region for the once punctured torus in the Poincaré upper
half-plane. As a matter of fact, such a prescription does not go well due with the large
diffeomorphisms acting on the surface. There are infinitely many different points in
the upper half-plane representing the same point on a once-punctured torus. The
nice feature of this set of infinite points is that, it is possible to reach any of these
infinite number of points from one point in the set by acting with an element in the
mapping class group, the group of all large diffeomorphisms, of the once-punctured
torus. Therefore, by placing a PCO at all these points on the upper half-plane and
by considering the average we can obtain a distribution of PCO that is unaffected
by the action of large diffeomorphisms.
Unfortunately, such a naive PCO distribution is not well defined, since an ar-
bitrary sum over infinite number of points often fails to converge. However, by
considering a weighted average instead of a simple average we can make it a sensible
PCO distributions. For this, assume that there exist an identity of the following
form: ∑
h∈MCG(R1,1)
G(h · γ) = Q (4.1)
where, Q is some constant and the sum is over the action of all elements in the
mapping class group MCG(R1,1) on a simple closed geodesic γ on the once puncture
torus R1,1. The summand G(γ) is a function of quantities associated with the simple
closed geodesic γ. Note that such simple closed geodesic on a once punctures torus
is not homotopic to the puncture. Moreover, there is no simple closed geodesic on a
once-punctured simple closed curves of the type β shown in figure (2) are homotopic
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to the puncture. The simple closed geodesic γ2 is the image of the action of a mapping
class group element on the simple closed geodesic γ1. Then a PCO distribution of
the following kind is manifestly invariant under the action of mapping class group
and well defined: ∑
h∈MCG(R1,1)
G(h · γ)χ(γ · p) (4.2)
where, χ(P ) denotes a PCO inserted at a point P in the fundamental region of a
once punctured torus in H.
Let us analyze the properties that the PCO distribution (4.2) must have in order
to consider it as a consistent PCO distribution on once punctured tori that make up
the one-loop tadpole string vertex. First of all, if a simple closed geodesic on a once
punctured tori have length c∗ then the PCO distribution on it must match with the
PCO distribution induced on a once punctured torus constructed by the plumbing
fixture of two puncture on a thrice punctured sphere, with the core geodesic on the
plumbing collar having length c∗. This is the gluing compatibility requirement.
Gluing of NS punctures : Consider the situation where two NS punctures of a
thrice NS punctured sphere are glued to obtain a once-punctured torus with one NS
puncture. On a thrice puncture sphere three −1 picture NS states at the punctures,
we must insert a PCO. A consistently distributed PCO on a thrice punctured sphere
must be symmetric with respect to the punctures. Such a distribution of a PCO
can be obtained by considering the average of a PCO placed at each of the centroids
of the two hyperbolic triangles obtained by scissoring the thrice punctured hyperbolic
sphere along the three disjoint geodesics that connect a pair of punctures on it:
1
2
{χ(p1) + χ(p2)} (4.3)
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where, p1 and p2 denote the centroids of the hyperbolic triangles that are glued
together to obtain the thrice punctured sphere. This prescription provide a PCO
distribution on a thrice punctured sphere that is not only symmetric with respect
to the punctures, it is also invariant under the involution symmetry of the thrice-
punctured hyperbolic sphere. The involution symmetry states that the exchange of
the hyperbolic triangles that are glued together to obtain the thrice punctured sphere
does not change the surface.
Let us modify the PCO distribution (4.2) to the following distribution∑
h∈MCG
1
2
G(h · γ)
{
χ(ph·γ1 ) + χ(p
h·γ
2 )
}
(4.4)
where, pγ1 and p
γ
2 denote the centroids of the pentagons that are glued together to
construct the surface obtained by the scissoring of once-punctured torus along the
simple closed geodesic γ. This PCO distribution is compatible with the gluing of
two NS punctures, provided the function G has the following properties:
lim
lγ→c∗
∑
h∈Dehn(γ)
G(h · γ) = 1 +O (c3∗)
lim
lγ→c∗
G(g · γ) = O (e−1/c∗) ∀ g ∈ MCG(R1,1)/Dehn(γ) (4.5)
where, c∗ is same as the infinitesimal real parameter introduced in the previous
section for defining the string vertices, and Dehn(γ) denotes the subgroup of mapping
class group that is generated by the Dehn twist performed with respect to the simple
closed geodesic γ. To check the gluing compatibility of the PCO distribution (4.4),
let us assign this PCO distribution on a once-punctured torus with simple closed
geodesic length having infinitesimal length c∗. Using the limiting behaviour of the
function G (4.5) we can check that it takes the following form
1
2
{χ(pγ1) + χ(pγ2)}+O
(
c3∗
)
(4.6)
It is clear that the proposed PCO distribution (4.4) is gluing compatible, if the
locations pγ1 , p
γ
2 of the centroids of the hyperbolic pentagons matches with p
c∗
1 , p
c∗
2
the locations of the centroids p1, p2 of the hyperbolic triangles on the surface with
core geodesic having length c∗ on the plumbing collar constructed via the plumbing
fixture. The locations pc∗1 , p
c∗
2 are also the centroids of hyperbolic pentagons. Note
that, one of the corners of all these pentagons touches the real axis of H. We can
obtain such a hyperbolic pentagon from a hyperbolic hexagon by taking the length
of one the sides to zero by shrinking the corresponding edge to a point in the real
axis. It is a well known fact in hyperbolic geometry that a hyperbolic hexagon is
– 26 –
uniquely determined by the lengths of the three non-adjacent sides. Moreover, the
location of the centroid of a hyperbolic hexagon is also uniquely determined by the
lengths of the three non-adjacent sides. Therefore, the location of the centroid of
any hyperbolic pentagon on the upper half-plane can be specified as a function of
the lengths of the two sides that determines the pentagon.
It is straight forward to see that the hyperbolic pentagon obtained by scissoring
a once-punctured torus with simple geodesic γ having length c∗ has the same length
c∗/2 for both the edges that uniquely determine the pentagon. A careful analysis
of the plumbing fixture of hyperbolic Riemann surfaces reveals that the resulting
surface have an induced metric that deviates from the hyperbolic metric. Consider
the Riemann surface obtained by the gluing of two punctures on a thrice-punctured
sphere with plumbing collar having core geodesic with length c∗. The length of the
core geodesic on the plumbing collar computed using the hyperbolic metric on the
glued surface has a deviation from c∗ that is only of the order c3∗ [47]. As a result,
that both set of locations pγ1 , p
γ
2 and p
c∗
1 , p
c∗
2 matches up to O(c2∗). Hence, the PCO
distribution (4.4) is compatible with the gluing of NS punctures up toO(c2∗), provided
there exist an identity of the type (4.1) with the properties (4.5).
Therefore, our next goal is to find an identity of the type (4.1) for a once punc-
tured torus. Interestingly, the following identity is of the type (4.1):
∑
h∈MCG(R1,1)
2 sinc2 (τh·γ)
1 + elh·γ
= 1 (4.7)
where, sinc(x) = sin(pix)
pix
is the normalized sinc function, and τγ is the Fenchel-Nielsen
twist parameter defined with respect to the simple closed geodesic γ. Under the
action of a full Dehn twist performed along γ the twist parameter τγ becomes τγ + 1.
Let us verify this identity. For this, note that a Dehn twist performed along the
simple closed geodesic γ has no effect on the geodesic length of γ. This means that
we are allowed to do the following splitting
∑
h∈MCG(R1,1)
sinc2 (τh·γ)
1 + elh·γ
=
∑
h1∈MCG(R1,1)/Dehn(γ)
1
1 + elh1·γ
∑
h2∈Dehn(γ)
sinc2 (τh1h2·γ) (4.8)
Now using the explicit action of Dehn twist on the Fenchel-Nielsen twist parameter
we get the following result:∑
h2∈Dehn(γ)
sinc2 (τh1h2·γ) =
∑
k∈Z
sinc2 (τh1·γ + k) = 1 (4.9)
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Consequently, the identity (4.7) is correct only if the following identity is true:∑
γ
2
1 + elγ
= 1 (4.10)
where, the sum is over all the simple closed geodesics on R1,1. Here we used the
fact that the action of all elements in the group MCG(R1,1)/Dehn(γ) on the simple
closed geodesic γ produce all the simple closed geodesics on R1,1. Interestingly, this
is the famous McShane identity for hyperbolic once-punctured tori [49].
Let us analyze the identity (4.7) to see whether it has the required properties
(4.5). The following fact in hyperbolic geometry is vey useful for this. The length
of a geodesic on a hyperbolic Riemann surface passing through a collar with core
geodesic γ having length c∗ and not homotopic to γ is of the order e
1
c∗ [46]. This
implies that the length lg·γ for all g ∈ MCG(R1,1)/Dehn(γ) is of the order e
1
c∗ . The
reason is that for such g the simple closed geodesic g ·γ passes through the collar and
it is not homotopic to the core geodesic γ [67]. Using these facts and the identity
one finds that
lim
lγ→c∗
2 sinc2 (τg·γ)
1 + elg·γ
= O (e−1/c∗) ∀ g ∈ MCG(R1,1)/Dehn(γ)
lim
lγ→c∗
∑
h∈Dehn(γ)
2 Q(c∗) sinc2 (τh·γ)
1 + elh·γ
= 1 +O (c3∗) (4.11)
with
Q(c∗) = 1 +
1
2
c∗ +
1
4
c2∗
Therefore, by identifying G(γ) in (4.1) with
2 Q(c∗) sinc2 (τγ)
(1 + elγ )
and the constant Q in (4.1) with Q(c∗), we obtain the following PCO distribution
that is compatible with the gluing of NS punctures up to O(c2∗):∑
h∈MCG
Q(c∗) sinc2 (τh·γ)
(1 + elh·γ )
{
χ(ph·γ1 ) + χ(p
h·γ
2 )
}
(4.12)
Gluing of R punctures : Consider the situation where two R punctures on a
thrice-punctured sphere are glued via plumbing fixture to obtain a once-punctured
torus. In this case the when the length of a simple closed geodesic on the once-
punctured torus becomes c∗, the PCO distribution on it must match with that on
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the thrice-punctured sphere with one NS and two R punctures up to O(c2∗). On such
a thrice-punctured sphere, we don’t have to insert any PCO, instead we must smear
a PCO on a cycle on the plumbing collar homotopic to the core geodesic on the
collar, while we glue two R punctures. Hence, the PCO distribution (4.12) must to
be modified in order to make it compatible with the gluing of two R punctures.
Let us modify the PCO distribution as follows. Use the PCO distribution (4.12)
on once-punctured hyperbolic tori with no simple closed geodesic having length less
than c∗(1 + δ), where δ is the same infinitesimal parameter introduced in the pre-
vious section for modifying the local coordinate around the punctures. On a once-
punctured hyperbolic torus with a simple closed geodesic having length than c∗(1+δ)
change the PCO distribution (4.12) by replacing 1
2
{
χ(ph·γ1 ) + χ(p
h·γ
2 )
}
by a PCO
smeared on a cycle on the plumbing collar homotopic to the core geodesic of the
collar.
4.2 PCO distribution on general surfaces
Now we need to consider more general situations, where the string diagram has many
handles and punctures. Interestingly, the story is similar for any hyperbolic string
diagram. In order to construct a consistent PCO distribution on elementary string
diagrams, the generalized McShane identity satisfied by the lengths of simple closed
geodesics on a hyperbolic Riemann surface is very useful [48]. This will be described
in detail in the second part of this series [68].
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A Eisenstein Series
In this appendix, we briefly discuss the definition and some properties of the Eisen-
stein series following [66]. Consider a discrete subgroup Γ of PSL(2,R) acting on
the upper half-plane H. Let κ1, κ2, · · · , κh be the set of all cusps of Γ that are not
equivalent with respect to Γ. Denote the stabilizer of κi in Γ by Γi:
Γi = {σ ∈ Γ | σκi = κi} (A.1)
Consider the transformation σi ∈ SL(2,R) which maps ∞ to κi:
σi∞ = κi
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The transformation σi is chosen such that σ−1i Γiσi is equal to the group Γ0 of all
matrices of the form
(
1 m
0 1
)
with m ∈ Z. Then, the Eisenstein series Ei(z, s) for
the cusp κi is defined by
Ei(z, s) =
∑
σ∈Γi\Γ
{
Im
(
σ−1i σz
)}s (A.2)
where s is a complex variable. Whenever the series converges uniformly, the Eisen-
stein series have the following properties:
• Ei(σz, s) = Ei(z, s) for any σ ∈ Γ;
• DEi = s(s− 1)Ei, where D denotes the Laplacian of H;
• Ei does not depend on the particular choice of a cusp xi among equivalent ones;
• Ei(z, s) converges absolutely, if Re(s) > 1.
Fourier expansion at a cusp : The Fourier expansion of Ei(z, s) at κj is as follows
Ei(σjz, s) = δij (Im z)
s + φij(s) (Im z)
1−s
+
∑
m
2pis|m|s− 12Γ(s)−1Re(z) 12Ks− 1
2
(2pi|m|Re(z))φij,m(s)e2piim Re(z) (A.3)
where φij,m(s) denotes the following summation
φij,m(s) =
∑
c,d
1
|c|2s e
2piimd/c c > 0 d mod c
( ∗ ∗
c d
)
∈ σ−1i Γσj (A.4)
and φij(s) is given by
φij(s) = pi
1
2
Γ
(
s− 1
2
)
Γ(s)
φij,0(s) (A.5)
The matrix φij(s) is symmetric, φij(s) = φji(s).
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